We propose a second-order version of the resummed thermodynamic perturbation theory for patchy colloidal models with arbitrary number of multiply bondable patches. The model is represented by the hard-sphere fluid system with several attractive patches on the surface and resummation is carried out to account for blocking effects, i.e., when the bonding of a particle restricts (blocks) its ability to bond with other particles. The theory represents an extension of the earlier proposed first order resummed thermodynamic perturbation theory for central force associating potential and takes into account formation of the rings of the particles. In the limiting case of singly bondable patches (total blockage), the theory reduces to Wertheim thermodynamic perturbation theory for associating fluids. Closed-form expressions for the Helmholtz free energy, pressure, internal energy, and chemical potential of the model with an arbitrary number of equivalent doubly bondable patches are derived. Predictions of the theory for the model with two patches appears to be in a very good agreement with predictions of new NVT and NPT Monte Carlo simulations, including the region of strong association.
I. INTRODUCTION
In this paper we continue our study of patchy colloidal models with an arbitrary number of multiply bondable patches. In the previous two papers 1, 2 thermodynamic perturbation theory for central force (TPT-CF) associating potential, [3] [4] [5] which was formulated for one multiply bondable attractive site, placed in the center of the particle, was extended to account for blocking effects, i.e., when the bonding of a particle restricts (blocks) its ability to bond with other particles. The theory, which we call resummed TPT-CF (RTPT-CF) was applied to describe the properties of multiply bondable one-patch 1 and multi-patch 2 models of associating fluid. Subsequently, Wertheim's two-density TPT for the onepatch model 6 was extended to account for the possibility of multiple bonding. 7, 8 This goal was achieved by taking into account three-particle correlations and allowing for chain and three-particle ring formation. Here we formulate the secondorder version of the RTPT-CF theory (RTPT2-CF) for the models with arbitrary number of multiply bondable patches. Ring formation is taken into account by inclusion of three body correlations as discussed in Refs. 7 and 8. These rings consist of three doubly bonded patches which are different, with a different ring graph, than those previously considered. 9 Patchy colloids are colloidal particles with the surface patterned such that there are attractive patches. The interactions of these colloids can be controlled by varying the a) Author to whom correspondence should be addressed. Electronic mail:
yukal@icmp.lviv.ua number, size, and interaction strength of these patches. [10] [11] [12] Most often theoretical studies of such colloidal particles are carried out using the models of the type developed by Bol 13 and extended further by Nezbeda and co-workers, [14] [15] [16] Jackson et al., 17 and Kern and Frenkel. 18 Typically, the model is represented by hard spheres with an orientationally dependent attractive interaction mediated by off-center squarewell or anisotropic square-well sites with angular cutoff (conical sites). In the last few decades a substantial amount of work has been carried out on the theoretical description of the structural and thermodynamic properties of these types of models 17, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] (see also the review papers of Sciortino, 34 Bianchi et al. 35 and references therein). However, since all these studies are based on the theory for associating fluids developed by Wertheim, 6, 36, 37 they are focused on the versions of the models with singly bondable sites only.
In this study we propose a second-order version of the thermodynamic perturbation theory 2 for multiple patch colloids with doubly bondable patches. In the limiting case of the patch coverage allowing only one bond per site our theory reduces to TPT of Wertheim. 36, 37 To validate the accuracy of the approximations made we compare theoretical predictions for the two-patch model against computer simulation predictions. In these simulations we allow maximum patch coverages which can accommodate up to four bonds per patch.
The paper is organized as follows: in Sec. II we present the potential model and in Sec. III we derive RTPT2-CF theory for multipatch hard-sphere fluid and present the final expressions for thermodynamics of the model with n s equivalent doubly bondable patches. In Sec. IV we discuss details of the computer simulations and compare theoretical and simulation predictions for the two-patch version of the model. Finally, our conclusions are collected in Sec. V.
II. THE MODEL
We consider a one-component hard-sphere fluid with a number density ρ at a temperature T (β = 1/k B T). In addition to the hard-sphere interaction hs the particles are interacting via a short-ranged square-well orientationally dependent associative potential ass of the type proposed by Bol, 13 Jackson et al. 17 and Kern and Frenkel. 18 The corresponding total pair potential is given by (12) = hs (r) + ass (12) ,
where 1 and 2 denote positions and orientations of the particles 1 and 2. We assume that the associative part of the potential can be represented as a sum of n 2 s site-site terms KL , i.e.,
where
Here d is the hard-sphere diameter, the lower indices K and L denote conical square-well sites and take n s values A, B, C, . . . . The term θ K1 (θ L2 ) is the angle between the line connecting the centers of the two particles 1 and 2, and the line connecting the center of the particle 1 (2) and its site K (L), KL and r
(c)
KL are defined to be the square-well depth and width, respectively, and r is the distance between the centers of the two particles. In the limiting case of sticky interaction i.e., for r 
K < 30
• attractive site K can be bonded only once. For
• the maximum number of bonds per site is two, for 35.
• this number is three and for
• the site K can bond simultaneously four particles. In the present study we will be using finite value for the potential well width (and depth) assuming, that the above sequence of the limiting bonding angles will be unchanged. For sufficiently narrow potential well this assumption is expected to be accurate. Hereafter, we will assume also that the maximum number of bonds per site is two.
In what follows we will be using the Mayer functions for the hard-sphere interaction f hs and for the site-site associative interaction f KL , i.e., f hs (r) = exp {−β hs (r)} − 1 and (4) f KL (12) = exp {−β KL (12)} − 1.
III. THEORY

A. Notation and basic relationships
In this subsection we briefly discuss the notation used and basic relationships. To avoid unnecessary repetition we refer the readers to the original papers for more details.
2, 36, 37 According to the diagrammatic analysis, carried out in Refs. 1-5, the Helmholtz free energy A of the model at hand in excess to its hard-sphere reference system value A hs , i.e., A = A − A hs , can be written in the following form:
where d(1) denotes integration over position and orientation of the particle 1: for uniform systems all quantities under the integral become constant. Here the lower indices {i} specifies the bonding state of the corresponding particles, i.e.,
where i K take the values 0, 1, 2 and denote nonbonded, singly or doubly bonded states of the site K, respectively. In what follows in the special case, when in the set {i} all indices, except one index i K , are equal 0 the corresponding bonding state of the particle will be denoted as
In (5) the density parameters σ {i} are connected to the density of the particles ρ {j} via the following relation
and
hs is the contribution to the fundamental graph sum due to association. For the purpose of diagrammatic analysis we follow Wertheim 36 and instead of circles we introduce hypercircles to represent particles in diagrammatic expansions. Each hypercircle is depicted as a large open circle with small circles inside denoting the sites. Corresponding cluster integrals are represented by the diagrams build on hypercircles connected by f hs and e hs = f hs + 1 bonds and site circles connected by the associating bonds f KL . We allow a maximum of two associating bonds per site. Double bonding between the pair of hypercircles is not allowed. Each hypercircle in a bonding state {i} contains as a factor of the density parameter σ * {i} ≡ σ {2−i} , where 
B. RTPT2-CF theory for multi-patch hard-sphere fluid
To proceed one has to approximate the fundamental graph sum c (0) . In the current model we allow a maximum of two bonds per site. For this case c (0) must contain contributions for single and double bonded sites. 1, 2, 7 We employ the single chain approximation which states that we only consider diagrams with a single path of attraction bonds connecting patches. The double bonded sites can exist in chains or triatomic rings of doubly bonded sites. We account for these rings by inclusion of a three point ring diagram consisting of three particles each with one double bonded site. 7 According to these approximations, which will be specified below, the only density parameters, which appear in
. Therefore, taking into account (8), we have
where {i} = {0}, {i} = 0, . . . , 0, 1, 0, . . . , 0 and {i} = 0, . . . , 0, 2, 0, . . . , 0. Expressions for c K 1 and c K 2 can be obtained using relation between σ {i} and c {i} , derived in Refs. 1 and 2. We obtain
Combining the same relation between σ {i} and c {i} and equality (9) we obtain the following useful relation between the density parameters σ {i} (1):
This relation was also derived in Ref.
2. Taking into account (12) and substituting c {i} in (5) by the corresponding expressions (9)- (11) gives
Expression for the pressure P follows from the standard relation
where G is the Gibbs free energy. We have
The infinite sum of the diagrams, which is represented here by c (0) , will be calculated combining chain and ring approximations, 1, 2, 7, 37 i.e.,
2 , G hs (1. . . n) denotes the subset of diagrams from the set representing the n-particle hard-sphere monomer distribution function, which together with the chain of associative bonds f KL (12) . . . f NP (n − 1, n) form an irreducible diagram. 37 This subset is approximated here by the corresponding subset representing the n-particle hard-sphere distribution function g hs (1. . . n) and includes in addition to g hs (1. . . n) itself products of s-particle hard-sphere distribution functions (s < n) obtained by all possible partitioning of the sequence of points 1, 2, . . . , n into subsequences with a common switching point, which carry the factor −1. For example, for n = 2, 3, and 4 we have 37 G hs (12) = g hs (12) , (34) .
Following Wertheim 37 we express G−functions in terms of E−functions, which are obtained using the above representation for G hs (1. . . n) with additional bond e hs (i − 1, i + 1) inserted between left and right nearest neighbor of each switching point i. According to this representation G hs (1. . . n) includes E(1. . . n) and products of the lower-order E-functions, obtained by all possible partitioning of the sequence of the points 1, 2, . . . , n into subsequences with a common switching points i, each bypassed by the bond f hs (i − 1, i + 1). Now for n = 2, 3, and 4 we have 37 G hs (12) 
Upon substitution of the above representation for G hs in (18) the integral I (n) K...P will be expressed as a sum of the integrals over the products of the E-functions, supplemented by the chain of attractive bonds f KL . Each of the terms in a sum has certain number of the switching points and summation is carried out over their number and position in the chain. Following Wertheim 37 we refer to the part of the chain diagram located between two consecutive switching points as a segment and denote the integral over m segments with m − 1 switching points s, t, . . . , q, which are associated with m − 1 sites S, T, . . . , Q by E (n,m)
where s − = s − 1 and s + = s + 1. For the model with θ
• and with sufficiently narrow width of the square-well (sticky) interaction this integral can be approximated by a corresponding product of the integrals over a single segments times the product of the factors L K , i.e.,
and h and H denote the switching point and corresponding site, respectively. Note, that for the model with θ
• all terms in (18) , which include n-particle distribution functions with n ≥ 3 are equal to zero and L H = E (2,2)
• each attractive site can be bonded only once and with L H = 1 our theory reduces to the first order TPT of Wertheim.
1, 2, 37 Similar to our previous studies 1, 2 we assume that relation (22) 
According to (24) c (0) can be written in the following form
which together with (10), (13) , and (15) gives the following expressions for Helmholtz free energy and pressure:
The density parameters σ {0} , σ * K 1
, and σ * K 2
, which enter these expressions, follow from the solution of the set of equations formed by (10)- (12)
Thus thermodynamical properties of the model at hand can be calculated, provided that expression for the infinite sum of diagrams E LM (25) is available. Because our knowledge of the hard-sphere n-particle distribution functions for n ≥ 4 is scarce we will approximate this series terminating it on the second term, i.e., assuming that for n ≥ 4 E (n,1)
C. RTPT2-CF theory for the model with n s equivalent patches
In this subsection we will formulate RTPT2-CF for the version of the model with n s equivalent attractive sites. Taking into account this feature of the model expressions (24), (27) , and (28), and relations (29)- (31) can be substantially simplified. For c (0) we have
2 E and we have used condensed notation omitting the indices, which denote the type of the patches, i.e., for any quantity
Now self-consistent relations between the density parameters (29)-(31) will take the following form: 
The solution of this set of equations reduces to the solution of the seventh order polynomial equation for γ =σ 0 /σ 2 , i.e.,
where expressions for the polynomial coefficients a i are presented in the Appendix A. The Helmholtz free energy (27) and pressure (28) can now be given in terms of the γ -parameter, i.e.,
and E = E (1,1) + n sρ γ E (2, 1) . The corresponding expressions for the chemical potential μ in excess to its hard-sphere value and for the internal energy U follows from the standard relations:
Integrals E (1, 1) and E (2, 1) , which enter expressions for thermodynamics of the system, as well as their density and temperature derivatives are calculated following the scheme developed in Ref. 7 . We briefly outlined the scheme and present the final expressions in the Appendix B. Fraction of the particles X i A i B ... in a certain bonding state represented by the set i A i B . . . can be also expressed in terms of γ -parameter. Combining Eqs. (7) and (12) we have
where X {0} = γ n s .
Finally, we note that all expressions for the thermodynamical properties derived above reduce to the corresponding expressions obtained in our previous study 1, 2 upon neglecting contribution from three-particle correlations, i.e., assuming that E (2,1) = R (2) ≡ 0.
IV. RESULTS AND DISCUSSION
In this section we present and discuss numerical results for the two-patch version of the model. The model is represented by a fluid of hard spheres with two equivalent patchy sites A and B, symmetrically placed on the opposite sides of each sphere. The strength of interaction between patches is the same for each pair, i.e., AA = AB = BB = . The width of the square-well site-site potential was chosen to be r (c) = 1.1d and the models are studied at different values of the limiting angle θ (c) . For the model at hand the coefficient L, which is defined by Eq. (23), will take the following form:
This coefficient was calculated and parameterized in Ref. 1 . Solution of the polynomial equation (37) for the key parameter of the theory γ was obtained numerically using Newton-Raphson method. For the initial guess we have used the value of γ at infinitely large temperature, i.e., β → 0. In this limit all the coefficients of the polynomial in (37), except a 0 and a 1 , are equal zero and for the only one root we have γ = 1. Usually, we start at relatively high temperature and gradually lower it until the state point of interest is reached. To be sure that our solution is physical and in the limit of infinitely large temperature it has a correct asymptotic value we monitor the smoothness of variation of the solution variable γ while changing the temperature.
To validate the accuracy of the present theory we compare its predictions for thermodynamic properties and for the fractions of the patches in different bonding states X (p) i (i = 0, 1, 2) against corresponding computer simulation predictions and predictions of the RTPT-CF 2 at different values of the densityρ, limiting angle θ (c) , and depth of the squarewell site-site potential
i is related to the fraction of the particles X i A j B ≡ X ij in the bonding state i, j ≡ i A , j B by the following relation
where equivalence of the patches have been used, i.e., X ij ≡ X ji . Note that the density of the patches in the system is ρ (p) = 2ρ. In order to obtain exact values for the multiply bondable patch model, we have performed a series of Monte Carlo (MC) simulations. Specifically, we determined the internal energy and fractions of the particles in different bonding states at different values of the system density from NVT (constant number of particles N, volume V, and temperature T) simulations while the density of the system as a function of pressure was calculated using NPT (constant N, T, and pressure P) simulations. For each simulation we used N = 864 colloids. Each NVT simulation was allowed to equilibrate for N × moves and averages were taken over an additional N × 10 6 trial moves for association energies * = AB /k B T ≤ 8. A trial move consists of an attempted displacement and reorientation of a colloid. For the highest energy simulations * = 8.5 averages were taken over 4N × 10 6 trial moves. NPT simulations were performed in the same manner as NVT with the addition of an attempted volume change each N trial moves.
Our theoretical and computer simulation results are shown in Figures 1-5 . In Figures 1-4 we compare predictions of the current RTPT2-CF theory and RTPT-CF theory with and without empirical correction for the ring formation developed previously 2 against exact computer simulation predictions.
In Figure 1 we present fractions of the patches in different bonding states X (p) i as a function of the site-site squarewell potential depth * = /k B T at two different values of the system packing fraction, i.e., η = πρd 3 /6 = 0.1 and η = 0.4. As one would expect, the fraction of free (nonbonded) patches X tially less accurate results, with empirically corrected version being slightly more accurate. Our predictions for the internal energy per particle βU/N are shown in Figure 2 . Results of the current theory are in very good agreement with MC results. Similar to the previous results RTPT-CF theory appears to be accurate at low and intermediate values of * . In Figure 3 we present internal energy as a function of the critical angle θ (c) at * = 5 and two values of the packing fraction, η = 0.1 and η = 0.4. We note in passing that for θ (c) > 35.3
• more than two bonds per patch can be formed. However, the present theory is formulated for doubly bondable patches, it can be applied also for θ (c) > 35.3
• . According to Figure 3 agreement between theory and simulation at a moderate value of * = 5 is reasonable up to θ • are shown in Figure 4 . The overall agreement between current theory and computer simulation is very good, including the region of higher values of * . For these values of * , the behaviour of the system is defined by the formation of the three-patch rings, which is accurately accounted for by the theory. For intermediate values of
* and higher values of η, where formation of the chains of patches is prevailing, our theory is slightly less accurate. Predictions of the two versions of RTPR-CF theory are less accurate, especially at higher * . Here RTPT-CF approach corrected for the ring formation is slightly more accurate, in particular for θ (c) = 40
• and lower * . Good agreement for this particular case can be attributed to a fortuitous cancellation of the errors.
Finally, in Figure 5 we present liquid-gas phase diagrams of the model with different values of the critical angle θ (c) , i.e.,
For the limiting case of θ (c) = 30
• (and sufficiently narrow square-well potential) the particles of the system will form only chains and there will be no liquidgas phase coexistence. This tendency is correctly predicted by the current theory, i.e., upon decreasing of θ (c) the critical temperature and density decrease, moving towards their zero values.
V. CONCLUSIONS
In this paper we propose a second-order resummed thermodynamic perturbation theory for the patchy colloidal model with an arbitrary number of doubly bondable patches. Second-order terms are included to account for the formation of rings and chains of the patches. The theory explicitly takes into account blocking effects, i.e., when bonding of the particle blocks bonding on the same associating site by other particles. In the limiting case of total blockage, when creation of only one bond per site is possible, our RTPT-CF approach reduces to Wertheim TPT for polymerization. 37 We obtain closed-form analytical expressions for thermodynamical properties (Helmholtz free energy, pressure, chemical potential, and internal energy) of the model with n s equivalent patches. To validate the accuracy of the present theory we compare its predictions for the fractions of the patches in different bonding states and for thermodynamical properties of the two-patch version of the model against new Monte Carlo computer simulation predictions and predictions of the firstorder RTPT-CF 2 at different values of the density, limiting angle and depth of the square-well potential. Results of the current theory are found to be in very good agreement with computer simulation results, including the region of strong association, where the first-order RTPT-CF appears to be substantially less accurate. The accuracy of the theoretical predictions for the models with larger number of the patches will be studied in subsequent papers. For future work we are planning to apply the version of our theory developed for the model with two patches to describe the phase behaviour of triblock Janus colloids.
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APPENDIX A: EXPRESSIONS FOR THE COEFFICIENTS OF THE POLYNOMIAL EQUATION (37)
Expressions for the coefficients a i of the polynomial equation (37) are
where ρ n = n sρ , L 1 = L − 1, E 1 = E (1, 1) , E 2 = E (2,1) and R 2 = R (2) . where f ass (ij) ≡ f KL (ij), e hs (r ij ) = f hs (r ij ), and r ij = | r i − r j |. 
APPENDIX B: EXPRESSIONS FOR THE INTEGRALS
The correlation functions y rng represent the correction to a linear superposition of the hard sphere reference triplet correlation function, for three spheres in rolling contact, for a triplet chain and triplet ring, respectively. Mueller and Gubbins 38 correlated this quantity as a function of bond angle ω as y (0) = (1 + aη + bη 2 )/(1 − η) 3 where a and b are constants which depend on ω and are tabulated in the original paper. 38 For our case θ (c) is fixed not ω. In our previous work we used an averageω j (j = ch, rng) which represents the average bond angle in the respective triplet cluster when all bonds are at hard sphere contact to obtain an averageā j andb j to evaluate y 
In this work we take a more accurate approach and obtainā j andb j by averaging a and b over the states of the respective associated cluster, when the first and third sphere in the cluster are bonded at hard sphere contact to the second, using the MC technique. Table I gives these averaged constants as well as the geometric integrals and which are proportional to the total number of ways three colloids can associate into a chain and ring, respectively. and are discussed in detail in Ref. 7 and are evaluated using MC integration. To obtain good statistics in evaluating for smaller θ (c) a more sophisticated nested coordinate system was used in comparison to Ref. 7. For this reason there is a very slight change to at θ (c) = 35
• , 40
• from the previously reported values.
